study the latter more precisely. Apparently, the $tw_{-}o$ notions of $\pi$ -regularity and right $\pi$-regularity are different ones in general. However we can prove, among others, that under the assumption that a ring is of bounded index (of nilpotency) it is $\pi$ -regular if and only if it is right $\pi$ -regular. Moreover, we shall show, in this case, that we may find, for every $a$ , an element $z$ such that $az=za$ and $a^{n+1}z=a^{n}$ , where $n$ is the least upper bound of $a^{1}1$ indices of nilpotency in the ring. This is obviously a stronger result than a theorem of KAPT,ANSKY (2) as well as that of GERTSCtlIKOFF (3) , both of which are stated in section 8 of $KAPI_{I}ANf^{\backslash },KY [3] $ . .
From (1) we have also Proof. Let $n$ be the index of $A$ . Let $A$ be any right regular element of $A:a^{2}x=a$ . Then, since $(a-r/x^{n}a^{n})^{?b+l}=0$ by Lemma 2, we must ,have $(a-ax^{n}a^{n})^{n}=0$ . On the other hand, $(a-ax^{n}a^{n})^{n}=a^{n}-axa^{n}$ by the same lemma, and we obtain $a^{7\iota}-axa^{n}=0$ . Apply furthermore Lemma 2 to $n+1$ instead of $n$ . Then $(a-ax^{n+l}a^{n+1})^{n+1}=a^{n+1}-axa^{n+1}=a(a^{n}-axa^{n})$ $=0$ , and so algebra over a field $K$ . Let $a$ be an algebraic element of $A$ , and $/4(\lambda)$ the minimum polynomial of $a$ (without constant term). JACOBSON [2] defined the index of $a$ as the largest integer $r$ such that . and so we have $\mu(\lambda)-a_{1}\lambda\mu(\backslash \lambda)=\lambda^{r}\dashv-(a_{2}-\alpha^{\frac{r}{1}})\lambda^{r+2}+\cdots=\lambda^{r}-\lambda^{r+1}\nu(\lambda)$ , where $\nu(\lambda)=(a^{\frac{}{1}}-a_{\tau})\lambda+\cdots$ is also a polynomial. Since now $\mu(\lambda)$ has $a$ for a root, so does $\mu(\lambda)-a_{1}\lambda\mu(\lambda)$ too, i.e., we have $a^{r}=a^{l+1}\nu(a)$ , which shows the strong $\pi$ -regularity of $a$ . Let $n$ be the index of $a$ (as strongly $\pi-$ regular element). Then $n\leqq r$ , and moreover we have from Lemma 3 that $a^{n}=a^{n+1}\nu(a)$ , that is, $a$ is a root of the polynomial $\lambda^{n}-\lambda^{n+1}\nu(\lambda)$ . Since However, the converse is also true provided $A$ is assumed to be of bounded index. Namely, we have Theorem 5. Under the assumption that $A$ is of bounded index, the following four conditions are equivaZent to each other:
Proof. That ii) implies iv) is a direct consequence of Theorem 4.
By right-left symmetry, iii) implies also iv). Therefore we have only to prove that ii) follows from i).
Suppose that $A$ is a $\pi$ -regular ring of index $n$ . Let 
